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Abstract

A thermodynamically consistent and fully conservative (TCFC) treatment of contact discontinuities (designated as

TCFC model in this paper) is proposed for the simulation of compressible multicomponent flows with shock-interface

interactions, yielding an accurate capture of contact discontinuities. Starting from the total energy equation of the

mixture, a new formulation is developed to define the ratio of specific heats of the mixture, and a governing equation in

conservative form for the pressure is subsequently obtained. Another formulation is derived to determine the molecular

weight of the mixture from classical thermodynamics. The governing equations in conservative form are further derived

to calculate the specific heats ratio and the molecular weight of the mixture with their new formulations and the

continuity or mass fraction equations for the individual components. Finally, the governing equations for the ratio of

specific heats, the molecular weight and the pressure, combined with the continuity and momentum equations, offer the

new hyperbolic conservation laws for the description of multicomponent or multifluid flows with shock-interface in-

teractions. A simple version of the model is also developed without solving the governing equation for the molecular

weight of the mixture. A brief analysis of the numerical uncertainties of conventional conservation models and the

present TCFC models is presented and the consistency of any additional equation derived within any model with the

initial governing equations is investigated. An analysis of the proposed TCFC model and the conventional conservative

models is also performed on the pressure evolution for a mixture associated with isolated contact discontinuities. The

results show that the present TCFC model produces a uniform pressure field and thus the pressure maintains in

equilibrium across the material interfaces. The proposed TCFC model is then implemented into a Godunov-type

method based upon a fast, exact Riemann solver. Several multicomponent flow problems with both strong and weak

shocks are simulated using this new model and conventional conservation models, and comparisons of the numerical

results from the various models and, where possible, exact solutions are performed. It is shown that the proposed TCFC

model can handle both strong and weak shocks, and that the numerical solutions are completely oscillation-free

through the contact discontinuities. This new approach offers a suitable treatment of contact discontinuities for

compressible multicomponent flows and also maintains all the favorable features of fully conservative conservation
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laws. It belongs to the conservative approaches and is independent of numerical schemes. From the analysis of the

numerical uncertainties of several models proposed in the past and the present numerical experiments, it is determined

that the conservative or non-conservative form of some additional governing equations is not the ultimate reason that

produces oscillating solutions near the material interfaces. The main cause of the oscillating solutions with conventional

conservation models is the inappropriate determination of the ratio of specific heats of the mixture. Oscillation-free

results are obtained for two test cases with weak shocks even with conventional conservation models using the present

Godunov-type method based on a fast exact Riemann solver. This suggests that the problems with weak shocks and

strong post-shock contact discontinuities are not suitable for the model validation in multicomponent flows. The ca-

pability of handling strong shocks and weak post-shock contact discontinuities is more critical to the demonstration of

any model for compressible multicomponent or multifluid flows.

� 2003 Elsevier Inc. All rights reserved.
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1. Introduction

The numerical simulation of multicomponent or multifluid flows has received a great deal of attention
during the past two decades because of its relevance to nuclear power reactor safety analyses, and more

recently fusion technology developments. Other important research areas and main applications for mul-

tifluid flow simulations exist in aerospace engineering, chemical engineering, materials processing, internal

combustion engines, and petroleum industry.

Several kinds of numerical methods with different physical models have been presented in the literature

for the simulation of multifluid flows associated with contact discontinuities and shock waves. In this paper,

we are particularly interested in the numerical solutions of hyperbolic conservation laws for the description

of multicomponent non-reacting flows. It was motivated by our experimental work on the thermal and
hydrodynamic issues related to inertial confinement fusion (ICF) performed at the Wisconsin Shock Tube

Laboratory [5]. It has been recognized that high resolution and numerical stability can be achieved with

reasonable accuracy in the numerical solutions of hyperbolic conservation laws by many numerical

methods. In practice, it has been proven that this is true for the simulation of single-phase, single-fluid flows

with strong shocks by Godunov-type and higher-order schemes or other methods, but that may not be the

case for more complicated flows. For example, consider the numerical simulation of multifluid flows as-

sociated with contact discontinuities and shock waves. An extended conservative system of governing

equations is widely used in which additional conservation equations are introduced to the original Euler
equations to describe the conservation of some parameters like the mass fractions of each component and

the ratio of specific heats of the mixture. This kind of extended conservation system of governing equations

has been widely solved by many different numerical schemes during the past two decades. In the present

work, it was found that the solution to this extended system of governing equations in conservative form,

with the conventional ‘‘gamma’’ and ‘‘thermodynamic’’ models, often fails to maintain pressure equilib-

rium and results in oscillations and other computational inaccuracies near material interfaces [1,7,10,28–33]

for example. It is important to note that these oscillations are not the ones commonly associated with high-

order numerical methods and not observed in the single-fluid model either [3].
Numerous efforts have been made to overcome this kind of difficulty. A modification of the numerical flux

was introduced by Larrouturou [32] to guarantee the positivity of mass fractions under a CFL-like condi-

tion. This modification does not prevent spurious oscillations of the solutions [7,32]. Karni [30] introduced

a non-conservative scheme to capture the contact discontinuities using an additional non-conservative
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governing equation for the evolution of the pressure. This approach is the first step toward understanding

this complex problem with reduced conservation errors and reasonable results are obtained; however, it was

unable to handle strong shocks due to the intrinsic drawbacks of the non-conservative schemes [2]. In some
cases, the conservation errors become so large that the solution no longer converges to the right one [28].

Another significant effort is that presented by Abgrall [2]: a quasi-conservative approach for the simulation

of multicomponent flows. In his approach, the density of each component has its own governing equation

for preserving positive mass fraction and a non-conservative formulation for the ratio of specific heats of the

mixture has been introduced. Although it is a quasi-conservative approach, reasonable results are obtained

even for the case with strong shocks. But from Abgrall�s [2] test case with a strong shock, we note that the

overshoot of the velocity and undershoot of the density with the second-order numerical scheme are still

visible. He also indicated that this approach might not be applicable with certain numerical schemes like the
van Leer. Recently, Shyue [52] extended Abgrall�s idea to the simulation of multifluid flows with the so-called

‘‘stiffened’’ gas equation of state and in multiple dimensions, and reasonable results are obtained. Saurel and

Abgrall [48] had presented a similar scheme at the same time. More recently, Shyue [53] extended this kind of

quasi-conservative approach to the simulation of multifluid flows with a van der Waals equation of state and

further with a Mie–Gruneisen equation of state [54]. Saurel and Abgrall [49] also presented a multiphase

Godunov method for compressible multifluid and multiphase flows. We have just learned that the authors

of [4] developed a five-equation model for the simulation of interfaces between compressible fluids with

general equations of state. Actually, this model is an extension of the quasi-conservative approach to a
general EOS by using more additional equations for densities and volume fractions, associated with a

compromise between the original quasi-conservative mixture model [2] and the quasi-conservative two-fluid

model [49].

There are many other numerical methods available in the literature for the simulation of multicompo-

nent or multifluid flows. Some typical ones are front-tracking methods [8,11,12,16,22,26,34,36,37], level-set

methods [6,18,40], volume-of-fluid methods [15,39,56] ([15] was cited therein [52]), BKG-based methods

[66], and more recently, the ghost-fluid-method [20], and ghost-fluid-method-like method [35]. See [3,48,50]

for a good, concise review of the up-to-date mathematical models and numerical methods for the simu-
lation of multicomponent or multifluid flows.

Despite considerable efforts during the past two decades, a thermodynamically consistent and fully

conservative description of multicomponent flows with shock-interface interactions is still missing.

Moreover, the development of both non-conservative [30] and quasi-conservative [2] approaches is based

upon a claim that the conservative form of the governing equations is the main reason why conventional

conservative approaches fail to obtain oscillation-free solutions for multifluid flows and that one must

abandon the strict ‘‘conservative form’’ requirement. One more fact can be seen is surprising that almost

all of later efforts [3,4,31,48–50,52–54] have been made in the field following a path of the non-con-
servative and quasi-conservative approaches by Karni [30] and Abgrall [2] but the conservative ap-

proaches have been disregarded for years. These facts have made us interested to find out what is the

real reason why the conventional conservative approaches have been disregarded by the researchers and

further to seek for the possibility of developing a thermodynamically consistent and fully conservative

approach. Our analysis shows instead that there is nothing wrong with the conservative form of the

governing equations in conventional approaches and that the main problem is that the formulation or

the governing equation used for the determination of the ratio of specific heats is inappropriate. In the

past, improved results could be obtained in the simulation of multicomponent flows with non-conser-
vative or quasi-conservative approaches only because different ways were used to compute the pressure

or the ratio of specific heats of the mixture near interfaces. Our new, fully conservative model will

support this point.

Our goal is to propose a simple and fully conservative model for the best description of multicomponent

or multifluid flows. The model should be physically consistent, fully conservative, independently of the type
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of numerical scheme used to implement it, and should generate oscillation-free solutions near material

interfaces. The development of our model is based upon the very simple and physically sound concept that

the total energy of the mixture should be conserved at any time. Starting from the conservation equation
governing the total energy of the mixture in terms of the total enthalpy, we obtain a new formulation for the

determination of the ratio of specific heats of the mixture. During this process, we also obtain a conser-

vative-form equation to govern the pressure. Another formulation is derived to determine the molecular

weight of the mixture from classical thermodynamics. The governing equations are further derived to

calculate the specific heat ratio and the molecular weight of the mixture with their new formulations and the

continuity or mass fraction equations for the individual components. These three conservative-form

equations for the ratio of specific heats, the molecular weight and the pressure, combined with the other two

conservative-form equations governing mass and momentum, offer a new, fully conservative system of
governing equations that can be used for the description of multicomponent or multifluid flows and that

can be solved using any kind of numerical schemes.

Since our focus in this paper is on the development of a new conservative system for the simulation of

multicomponent flows, the numerical method used for the solution of the model equations is not so im-

portant. Although any kind of numerical schemes applicable for the solution of hyperbolic laws (for ex-

ample [13,27,34,41,43–45,59,60,62]) can be used, here we present a Godunov-type method based upon a

fast exact Riemann solver to solve our proposed system of governing equations. We choose a Godunov-

type scheme because it always captures the locations of strong shock waves correctly even it is only first-
order accurate. We use Pike�s [42] solver that seems to be one of the fastest exact Riemann solvers available

to date in the literature. To improve the accuracy of the scheme, we use the MUSCL (monotone upstream-

centered scheme for conservation laws) technique for the data reconstruction of fluxes. We will briefly

describe this solver in Section 3.

The outline of this paper is as follows. In Section 2, two conventional and representative extensions of

the single component Euler�s equation to multicomponent flows are described. In Section 3, based upon the

concept of total energy conservation for the mixture, we derive our thermodynamically consistent and fully

conservative (TCFC) model that involves two new formulations for the calculation of the ratio of specific
heats and the molecular weight of the mixture and three conservative-form equations for them and the

pressure. Also, a simple version of the model is developed from its general form without solving the

governing equation for the molecular weight of the mixture. A brief description is further given in this

section about the numerical uncertainty analysis and why the conventional conservation models are in-

consistent. A brief analysis of the proposed TCFC models and conventional conservative models is also

presented in this section on the evolution of the pressure field across material fronts for a mixture associated

with isolated contact discontinuities. In Section 4, we briefly describe our solver, developed for solving the

governing equations of proposed new model and conventional models. Four test cases of multicomponent
flows with both strong and weak shocks are simulated using the proposed new fully conservative model and

conventional conservative models and the results are presented in Section 5. The numerical results, their

analyses and the comparison with results obtained with conventional fully conservative models as well as

exact solutions (when possible) are also presented in this section. In Section 6 the important conclusions of

this paper are summarized.
2. Conventional conservation models

In this paper, we are interested in the simulation of multicomponent, non-reacting flow without vis-

cosity, heat transfer and gravity. For brevity and without loss of generality, the following discussion is

specialized, but not limited, to two component flows.
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The single-component continuity, momentum and energy equations of gas dynamics have the form

oq
ot

þr � ðqVÞ ¼ 0; ð1Þ
oðqVÞ
ot

þr � ðqV� Vþ pIÞ ¼ 0; ð2Þ
oE
ot

þr � ½ Eð þ pÞV� ¼ 0; ð3Þ

where q, p and E denote density, pressure and total energy per unit volume, respectively, V and I are the

velocity vector and the unit tensor, respectively, and we use H ¼ ðE þ pÞ=q to denote total enthalpy per unit

mass. For ideal gases, the equation of state is

e ¼ p
qðc� 1Þ ð4Þ

with E ¼ qðeþ V2=2Þ. Here c is the ratio of specific heats and e is the internal energy per unit mass. We will

use Eqs. (1)–(3) with equation of state (4) as model equations in the following discussions.

We now discuss extensions of the aforementioned single component Euler-type governing equations to

the two-component case. We assume that the gas is a mixture of two calorically perfect gases and that the

pressure is determined using Dalton�s law. In a common approach, the two components are assumed to
have the same flow variables like pressure, velocity, and temperature in one computational cell but different

properties like microscopic density and c. Under these assumptions, the governing equations for single

component flows can be used directly for the description of multicomponent flows if c of the mixture is

known. There are two typical ways, in conventional conservative approaches, to calculate c for the mixture.

One is based upon the mass fractions of the components and some thermodynamic relationships. The mass

fractions of the components can be calculated from their governing equations derived from the continuity

equations for the mixture and the components. The governing equations for the mass fractions of the

components have the following conservative form (e.g. [32])

oðqYiÞ
ot

þr � ðqVYiÞ ¼ 0; ð5Þ

where Yi is the mass fraction of the ith component (i is either 1 or 2 for a two-component flow). Note that

only i� 1 equations are independent for the calculation of the mass fractions although each component has

its own equation because the sum of all mass fractions must be unity. Here we also note that the volume

fractions are equivalent to the mole fractions. For a two-component fluid, this leads to a formulation for

the calculation of the value of c from classical thermodynamics as below (e.g. [30,32])

c ¼ Y1Cv1c1 þ Y2Cv2c2
Y1Cv1 þ Y2Cv2

; ð6Þ

where Cv1 and Cv2 are the specific heats (at constant volume) of component 1 and 2, respectively. We can

also use an alternative form of Eq. (6) to avoid using the specific heats, as below [63]

c ¼ Y1c1M2ðc2 � 1Þ þ Y2c2M1ðc1 � 1Þ
Y1M2ðc2 � 1Þ þ Y2M1ðc1 � 1Þ ; ð7Þ

whereM1;M2 are the molecular weights of the two components, respectively. Eq. (7) is equivalent to Eq. (6).
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Another approach to calculate c is to solve a governing equation for it directly instead of using the mass

fractions and thermodynamic relationships. The equation governing c in conservative form is (e.g.

[30,32,46]) ([46] was cited therein [30])

oðqcÞ
ot

þr � ðqVcÞ ¼ 0; ð8Þ

where c is locally calculated from the quotient c ¼ ðqcÞ=ðqÞ after having solved Eq. (8).

Now we can summarize two typical conventional extended Euler models considered in this paper as:

1. ‘‘Thermodynamic’’ model (e.g. [1,30,32]). The set of Eqs. (1)–(3), (5), and (6) or (7) offer a conventional

conservation model for the simulation of multicomponent flows. This approach is designated as the

‘‘thermodynamic’’ model in this paper as the calculation of c for the mixture involves Eq. (6) or (7) which

are derived from classical thermodynamics.
2. ‘‘Gamma’’ model (e.g. [1,30,32,46]). The set of Eqs. (1)–(3), and (8) give another conventional conserva-

tion model for the description of multicomponent flows. This approach is designated as the ‘‘gamma’’

model in this paper since the value of c for the mixture is determined directly from its governing trans-

port Eq. (8).

It should be mentioned that in both ‘‘thermodynamic’’ and ‘‘gamma’’ models, the pressure is calculated by

using Eq. (4).
3. New fully conservative approach (TCFC model)

Two typical extensions of the single-component Euler equations to the description of a multicomponent

flow have been described in the previous section. Unfortunately, these two typical conservative approaches

often fail to maintain pressure equilibrium and result in oscillations and other computational inaccuracies

near material interfaces. In this section, we first present the derivation of the general thermodynamically

consistent and fully conservative model (TCFC model) for the description of multicomponent flows. A

simple version of the TCFC model is given next. The non-conservative form of the additional formulations
in the TCFC models is also discussed. The numerical uncertainty analysis of the proposed TCFC models,

conventional conservative ‘‘thermodynamic’’ and ‘‘gamma’’ models is then presented. A brief analysis of

the proposed TCFC models and the conventional conservative models is finally given on the pressure

evolution across material fronts for a mixture associated with isolated contact discontinuities.

3.1. The general TCFC model

We now derive a general TCFC model for the description of multicomponent flows based upon mul-
tiphase fluid dynamics. Our starting point is that the total energy of the mixture should be conserved at any

time. From multiphase fluid dynamics, we have the conservative-form governing equations for the total

energy of a mixture of ideal gases in terms of enthalpy, without viscosity and chemical reactions, shown as

below:

o

ot
a1q1 h1

��
þ 1

2
V2

1

��
þr � a1q1 h1

��
þ 1

2
V2

1

�
V1

�
� a1

op1
ot

¼ 0 ð9Þ

for component 1 (or fluid 1) and

o

ot
a2q2 h2

��
þ 1

2
V2

2

��
þr � a2q2 h2

��
þ 1

2
V2

2

�
V2

�
� a2

op2
ot

¼ 0 ð10Þ
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for component 2 (or fluid 2), where a is the volume fraction of each component, and h is the enthalpy per

unit mass of each component, determined by

h ¼ eþ p
q
: ð11Þ

From the sum of Eqs. (9) and (10), we can obtain the conservative form of the equation governing the total

enthalpy of the mixture as

o

ot
a1q1 h1

��
þ 1

2
V2

1

�
þ a2q2 h2

�
þ 1

2
V2

2

��
þr � a1q1 h1

��
þ 1

2
V2

1

�
V1 þ a2q2 h2

�
þ 1

2
V2

2

�
V2

�

� a1
op1
ot

�
þ a2

op2
ot

�
¼ 0: ð12Þ

As stated before, here we assume that each component has the same state variables (pressure, velocity and

temperature) as the mixture. We can now simplify Eq. (12) as follows:

o

ot
ða1q1h1

�
þ a2q2h2Þ þ

1

2
ða1q1 þ a2q2ÞV2

�
þr � ða1q1h1

��
þ a2q2h2Þ þ

1

2
ða1q1 þ a2q2ÞV2

�
V

�

� op
ot

¼ 0: ð13Þ

Substituting the equation of state (4) and Eq. (11) into the above equation, we have

o

ot
a1c1
c1 � 1

��
þ a2c2

c2 � 1

�
p þ 1

2
qV2

�
þr � a1c1

c1 � 1

���
þ a2c2

c2 � 1

�
p þ 1

2
qV2

�
V

�
� op

ot
¼ 0; ð14Þ

where q ¼ a1q1 þ a2q2 is the density of the mixture. It is interesting to look at the form of Eq. (14): the total

energy conservation equation for the mixture takes the same form as that for a single component if and

only if we define

v ¼ c
c� 1

¼ a1c1
c1 � 1

þ a2c2
c2 � 1

¼ a1v1 þ a2v2; ð15Þ

where c is the ratio of specific heats of the mixture, c1; c2 are the ratios of specific heats of the individual

components, and v is an additional parameter introduced to simplify the expression of the governing

equations. We note that v is actually the ratio of the specific heat at constant pressure to the gas constant,

v � Cp=R. Substituting v into Eq. (14), we can rewrite the latter in a simple form as

o

ot
ðv
�

� 1Þp þ 1

2
qV2

�
þr � vp

��
þ 1

2
qV2

�
V

�
¼ 0: ð16Þ

Eq. (16) is the simplified total energy conservation equation for the mixture that can be used to calculate the

pressure with the quotient p ¼ ðððv� 1Þp þ 1=2qV2Þ � 1=2qV2Þ=ðv� 1Þ. We note that the pressure term in

Eq. (14) has been included in the first term in Eq. (16) for the convenience of real calculations.

Our next concern is how to calculate the mixture parameter v. From classical thermodynamics, it is
known that the volume fractions are equivalent to the mole fractions based upon the above assumptions

a1 ¼
n1
n
; a2 ¼

n2
n
; ð17Þ
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where n1 and n2 are the mole numbers for component 1 and 2, respectively, and n ¼ n1 þ n2 is the total

number of moles of the mixture. We also have

n1 ¼
m1

M1

; n2 ¼
m2

M2

; n ¼ m
M

; ð18Þ

where m1, m2 and m are the masses of component 1, 2 and the mixture, respectively. From Eqs. (15), (17)

and (18), we obtain

m
M

v ¼ m1

M1

v1 þ
m2

M2

v2: ð19Þ

Furthermore, according to the relationships between the masses and densities in a control volume V ,

m1 ¼ a1q1; m2 ¼ a2q2V ; m ¼ aqV ; ð20Þ

and with Eq. (19), we have

v
M

q ¼ v1
M1

ða1q1Þ þ
v2
M2

ða2q2Þ: ð21Þ

Multiplying both sides of Eq. (21) by the velocity vector of the mixture we obtain

v
M

qV ¼ v1
M1

ða1q1VÞ þ
v2
M2

ða2q2VÞ: ð22Þ

Taking the derivative of Eq. (21) with respect to time and the divergence of Eq. (22), we have

o

ot
v
M

q
� �

¼ o

ot
v1
M1

ða1q1Þ
� �

þ o

ot
v2
M2

ða2q2Þ
� �

ð23Þ

and

r � v
M

qV
� �

¼ r � v1
M1

ða1q1VÞ
� �

þr � v2
M2

ða2q2VÞ
� �

: ð24Þ

Adding Eqs. (23) and (24) and noting that v1, v2, M1 and M2 are constants, we obtain

o

ot
v
M

q
� �

þr � v
M

qV
� �

¼ v1
M1

o

ot
ða1q1Þ

�
þr � ða1q1VÞ

�
þ v2
M2

o

ot
ða2q2Þ

�
þr � ða2q2VÞ

�
: ð25Þ

Applying conservation of mass for each component to Eq. (25), it is seen that both of the terms in square

brackets are zero, therefore,

o

ot
v
M

q
� �

þr � v
M

qV
� �

¼ 0: ð26Þ

Eq. (26) provides the closure equation to calculate the parameter v. For a complete solution, we need the

molecular weight of the mixture M . From classical thermodynamics, we have

1

M
¼ n

m
¼ n1 þ n2

m
: ð27Þ

Using Eq. (18), we obtain

1

M
¼ m1=m

M1

þ m2=m
M2

¼ Y1
M1

þ Y2
M2

: ð28Þ
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Similar to the derivation of Eq. (26), if we multiply both sides of Eq. (28) by the density and momentum of

the mixture, we have

1

M
q ¼ Y1q

M1

þ Y2q
M2

ð29Þ

and

1

M
qV ¼ Y1qV

M1

þ Y2qV
M2

: ð30Þ

Taking the derivative of Eq. (29) with respect to time and the divergence of Eq. (30), we obtain

o

ot
1

M
q

� �
¼ o

ot
Y1q
M1

� �
þ o

ot
Y2q
M2

� �
ð31Þ

and

r � 1

M
qV

� �
¼ r � Y1qV

M1

� �
þr � Y2qV

M2

� �
: ð32Þ

Adding Eqs. (31) and (32), and noting that M1 and M2 are constants, we have

o

ot
1

M
q

� �
þr � 1

M
qV

� �
¼ 1

M1

o

ot
ðY1qÞ

�
þr � ðY1qVÞ

�
þ 1

M2

o

ot
ðY2qÞ

�
þr � ðY2qVÞ

�
: ð33Þ

In Eq. (33), the terms inside the square brackets are the mass fraction balance terms for each of the two

components, respectively: hence, both square brackets are again equal to zero, therefore

o

ot
1

M
q

� �
þr � 1

M
qV

� �
¼ 0: ð34Þ

Eq. (34) gives an equation for 1=M , and the parameter v can be calculated by the quotient

v ¼ ðv=MÞ
ð1=MÞ : ð35Þ

The set of Eqs. (1), (2), (16), (26) and (34) offer the new hyperbolic conservation laws for the description of

compressible multicomponent flows associated with contact discontinuities and shock waves. Then the

ratio of specific heats of the mixture can be calculated after computing the value v from Eq. (35) as below

c ¼ v
v� 1

: ð36Þ

The volume fractions can then be calculated directly by using

a1 ¼
v� v2
v1 � v2

; a2 ¼ 1� a1; ð37Þ

or

a2 ¼
v� v1
v2 � v1

; a1 ¼ 1� a2: ð38Þ
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Similarly, the mass fractions can also be obtained, without solving their governing equations like in the

conventional conservative, non-conservative and quasi-conservative approaches, by

Y1 ¼
1=M � 1=M2

1=M1 � 1=M2

; Y2 ¼ 1� Y1; ð39Þ

or

Y2 ¼
1=M � 1=M1

1=M2 � 1=M1

; Y1 ¼ 1� Y2: ð40Þ
3.2. A simple version of the TCFC model

If knowledge of the mass fractions and molecular weight of the mixture is not required, a useful al-

ternative formulation of the model is as follows: from Eq. (34), using basic differential analysis, we have

q
o

ot
1

M

� ��
þ V � r 1

M

� ��
þ 1

M
o

ot
qð Þ

�
þr � ðqVÞ

�
¼ 0: ð41Þ

In Eq. (41), the term inside the second bracket is the mass balance term for the mixture: hence, the second

square bracket is equal to zero, therefore we obtain

o

ot
1

M

� �
þ V � r 1

M

� �
¼ 0: ð42Þ

Similarly, from Eq. (26) we have

1

M
o

ot
vqð Þ

�
þr � vqVð Þ

�
þ vq

o

ot
1

M

� ��
þ V � r 1

M

� ��
¼ 0 ð43Þ

which, because of Eq. (42), reduces to

o

ot
ðvqÞ þ r � ðvqVÞ ¼ 0: ð44Þ

The set of Eqs. (1), (2), (16) and (44) provides a new, much simpler, fully conservative approach for the
description of compressible multicomponent flows associated with contact discontinuities and shock waves

and without adding new variables to the original system. This simple model can be used if the mass

fractions are not required. Calculation of the volume fractions and c can be performed as that in the general

TCFC model using Eqs. (37) or (38) and (36), respectively.

Actually, we also found that the mass fractions can be calculated even without solving the governing

equation for the molecular weight of the mixture like that in the general TCFC model. From Eqs. (17) and

(18), we can obtain

Y1 ¼
a1M1

a1M1 þ a2M2

; Y2 ¼ 1� Y1 ð45Þ

or

Y2 ¼
a2M2

a1M1 þ a2M2

; Y1 ¼ 1� Y2: ð46Þ

Given the molecular weights of the individual components, the mass fractions can then be calculated by Eq.

(45) or (46) after the volume fractions are determined by Eq. (37) or (38). Since the simple version of the
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TCFC model is equivalent to the general form but much simpler, we suggest that the simple TCFC model

be considered as the first choice for the description of multicomponent flow.

3.3. Non-conservative form of the additional formulations in the TCFC models

It is interesting to look at the relationship between the conservative form and the non-conservative form

of the additional formulations in the TCFC models. Here we discuss Eq. (44) that governs the parameter v
of the mixture, as an example. Using some basic differential analysis, Eq. (44) can be rewritten as

o

ot
ðvqÞ þ r � ðvqVÞ ¼ q

ov
ot

�
þ V � rv

�
þ v

oq
ot

�
þr � ðqVÞ

�
¼ 0: ð47Þ

Considering the mass balance (1), Eq. (47) reduces to

ov
ot

þ V � rv ¼ 0: ð48Þ

Eq. (48) is the non-conservative form of Eq. (44) governing parameter v for the mixture. It can be seen that

Eq. (44) is analytically equivalent to Eq. (48) if the mass balance of the mixture (i.e. Eq. (1)) is satisfied. This

implies that either conservative form (44) or non-conservative form (48) of v equation can be used with

other governing equations (in conservative form). Mathematically, this equivalence between the conser-

vative form and the non-conservative form holds analytically. In discrete form, however, these two ex-

pressions may not be equivalent, as this depends on whether the product rule for differentiation used in Eq.

(47) holds numerically. For example, from the numerical point of view, the conclusion on the equivalence
between conservative and non-conservative forms becomes questionable in some case such as problems

with strong shock waves. In general, conservative forms of the governing equations for v and mass balance

of the mixture can be well satisfied even if in the case of strong shock waves. That means, using Eqs. (1) and

(44) implies the satisfaction of the non-conservative form of v equation (with Eq. (47)). But on the other

hand, the non-conservative form of v equation is very difficult to be well satisfied in the case of strong shock

waves due to the intrinsic limitations of non-conservative forms of governing equations. This means that

using non-conservative form of v equation with mass balance (1) does not always imply the satisfaction of

the conservative form of v equation, as it should do. For this reason, we suggest that one better to use the
conservative forms of the additional formulations to ensure the best description of multicomponent flows

associated with strong shock waves.

3.4. Analysis of numerical uncertainties of conventional conservative models

The TCFC models have been derived based upon multiphase fluid dynamics and classical thermody-

namics. In this section, we present a brief analysis of the numerical uncertainties of conventional conser-

vative models and the proposed TCFC model for the simulation of multicomponent flows.
From the computational fluid dynamics (CFD) point of view, numerical uncertainties (or errors) of

the solution of any mathematically well-defined problem mainly come from two parts: the mathematical

model and the numerical method both play important roles in the solution of a given flow problem [61].

A well-defined mathematical model consists of three parts: the governing equations, the initial conditions

and the boundary conditions. On the other hand, a well-developed method for solving a well-defined

mathematical model also consists of three parts: the numerical scheme for the discretization of the

governing equations and the corresponding solution method for the discretized equations, the additional

numerical boundary conditions, and the grid system. In the past two decades, a great deal of experience
has shown that the numerical method is not the cause of solution-oscillations through material interfaces
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in the simulation of multicomponent flows with conventional conservative approaches using different

numerical schemes. Also, the test problems used in the past for the validations of conventional con-

servative approaches are classical Riemann problems in which the initial and boundary conditions are
well defined. Hence, the main source of numerical uncertainties in the conventional conservative models

for the simulation of multicomponent flows could be the governing equations, particularly the additional

formulations and governing equations used for the calculation of the mass fractions and the ratio of

specific heats of the mixture.

Any equations (like the equations for the mass fractions, c-value etc) added to the original conservation

equations (mass, momentum, energy) must be consistent with these latter. Let us discuss the proposed

TCFC model first: the new formulation (15) is consistent with the original governing equations for the

mixture. Substituting (15) into (16) with the definition of density for the mixture, we can revert to the initial
Eq. (12) governing the total energy balance for the mixture in terms of enthalpy. Also, it is easily shown that

formulation (15) is equivalent to formulation (6) or (7) which was derived from classical thermodynamics.

Furthermore, the derivation of additional Eqs. (26) and (34) for the general form (or Eq. (44) for the simple

version) of the TCFC model is logically and physically reasonable, and only the mass balance and mass

fractions balance equations for the individual components are used during the process. That means that the

continuity equations and mass fractions equations for the individual components are implicitly and ac-

curately satisfied when the additional Eqs. (26) and (34) (or Eq. (44) for the simple version) are added to the

original system in the TCFC models. So formulations (15) and (28) and their corresponding governing Eqs.
(26) and (34) (Eq. (44) for the simple version) in conservative form are thermodynamically consistent with

the original governing equations for the description of multicomponent flow. Therefore, the proposed

approaches are really TCFC models.

A similar analysis applies to the conventional conservative ‘‘gamma’’ model, which is actually equivalent

to the ‘‘thermodynamic’’ model implemented using a linear interpolation technique for the definition of c.
Using the same strategy, if we substitute a linear interpolation formulation for the ratio of specific heats

into the energy equation we see that Eq. (16) cannot be reverted to the initial Eq. (12) governing the total

energy balance for the mixture in terms of the enthalpy. Actually, a linear interpolation for the determi-
nation of the ratio of specific heats for the mixture cannot be thermodynamically consistent as the for-

mulations (6), (7) or (15) provide different forms of thermodynamically consistent definitions based upon

classical thermodynamics, all of which are non-linear. So the conventional conservative ‘‘gamma’’ model is

thermodynamically inconsistent with the original governing equations.

Our next concern is about the conventional conservative ‘‘thermodynamic’’ model. We have already

shown that Eqs. (6), (7) for the ratio of specific heats are thermodynamically consistent with the original

system since they were derived from classical thermodynamics. But the calculation of c based upon (6) or

(7) and the mass fractions may not be appropriate because the calculation is indirectly performed in a
different time loop from other solved variables. Here we briefly discuss why the indirect calculation of the

ratio of specific heats is inappropriate in the conventional conservative ‘‘thermodynamic’’ model. Let us

define the truncation errors of the mass balance equations for the individual components and the mixture,

and Eq. (26) for the mixture parameter v=M after their discretizations as

Dm1 ¼ L m1ð Þ � LD m1ð Þ;
Dm2 ¼ L m2ð Þ � LD m2ð Þ;
Dmm ¼ L mmð Þ � LD mmð Þ;
Dmv=M ¼ L mv=M

� �
� LD mv=M

� �
;

ð49Þ

where L; LD are the differential and finite-difference operators, respectively, and m1;m2;mm;mv=M stand for

the mass balance equations for the individual components, the mixture and the governing equation for
v=M , respectively. From Eqs. (25) and (49), we have
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Dmv=M ¼ v2
M2

Dmm þ v1
M1

�
� v2
M2

�
Dm1 or

Dmv=M ¼ v1
M1

Dmm þ v2
M2

�
� v1
M1

�
Dm2:

ð50Þ

From Eq. (50), we see that Eq. (26) would be satisfied under two conditions. One case is that the mass

balance equations for both the mixture and one of the individual components are exactly satisfied. Another

one is that both individual components have the same value of the ratio of specific heats and the molecular

weights (similar gases): in such case the truncation error for Eq. (26) has the same value as that of the mass

balance equation for the mixture. But in the real case, it would be very difficult to meet these two condi-

tions. Similarly, if we define the truncation errors of the mass fraction balance equations for the individual

components and Eq. (34) for the molecular weight after their discretizations as

DmY1 ¼ L mY1ð Þ � LD mY1ð Þ;
DmY2 ¼ L mY2ð Þ � LD mY2ð Þ;
Dm1=M ¼ L m1=M

� �
� LD m1=M

� �
;

ð51Þ

where mY1 ;mY2 ;m1=M stand for the mass fraction equations for the individual components and the governing

Eq. (34) for 1=M , respectively. From Eqs. (33) and (51), we have

Dm1=M ¼ 1

M2

Dmm þ 1

M1

�
� 1

M2

�
DmY1 or

Dm1=M ¼ 1

M1

Dmm þ 1

M2

�
� 1

M1

�
DmY2 :

ð52Þ

From Eq. (52), one can see that Eq. (34) would be satisfied under two conditions. Similar to the analysis of

Eq. (50), one case is that the mass balance and mass fraction equations for both the mixture and one of the

individual components are exactly satisfied. Another one is that both individual components have the same

molecular weights (similar gases): in such case the truncation error for Eq. (34) has the same value as that of

the mass balance equation for the mixture. But in the real case, it would also be very difficult to meet these
two conditions. In summary, the calculation of c involves mass balance and mass fractions for the mixture

and the individual components. In the TCFC models (Eqs. (26), (34) and (35) for the general model, or Eq.

(44) for the simple model), all of these mass balance and mass fraction equations are accurately and im-

plicitly satisfied. But in the conventional ‘‘thermodynamic’’ model, the indirect calculation of the value of c
for the mixture of different gases, the truncation errors of the mass balance equations for the mixture

(density calculation) and one individual component (also mass fraction calculation) are not exactly zero

and could become very large in some case like that of strong shocks. These errors could be increasing with

time for transient problems. In such case, the calculated value of c for the mixture based on the mass
fractions (indirect calculation) could not be satisfied with the Eqs. (26) and (34) (or (44)), as it should be.

Therefore, the calculating procedure in the conventional conservative ‘‘thermodynamic’’ model is inap-

propriate for the determination of the ratio of specific heats of the mixture.

3.5. Evolution of the pressure field for isolated contact discontinuities

A brief analysis of the proposed TCFC models and the conventional conservative models has been given

in the last sub-section from a general viewpoint of numerical uncertainty analysis. In this sub-section, we

present a numerical analysis of the TCFC models on the evolution of the pressure field for a mixture as-

sociated with isolated contact discontinuities to ensure that the proposed TCFC models are able to simulate
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the problem properly. A brief analysis of the conventional conservative models is given next and the

pressure oscillation rates generated by the models are also estimated.

Our analysis is performed follow the lines by Abgrall and Karni [3]. Using dð Þ ¼ ðÞnþ1 � ðÞn to denote
time changes, Dð Þ ¼ ðÞjþð1=2Þ � ðÞj�ð1=2Þ spatial variations, and m ¼ Dt=Dx the mesh ratio, the Godunov

scheme applied to the 1D case of the TCFC model (simple version, for example) gives

q
qu
qv
E

0
BB@

1
CCA

nþ1

j

¼

q
qu
qv
E

0
BB@

1
CCA

n

j

þ

d qð Þ
d quð Þ
d qvð Þ
dðEÞ

0
BB@

1
CCA; ð53Þ

where superscript n denotes the time step, subscript j stands for the cell location, and

d qð Þ
d quð Þ
d qvð Þ
dðEÞ

0
BB@

1
CCA ¼ �m

D quð Þ
D qu2 þ pð Þ
D qvuð Þ

D u vp þ 1=2qu2ð Þð Þ

0
BB@

1
CCA ð54Þ

with

E ¼ ðv� 1Þp þ 1

2
qu2: ð55Þ

Considering a flow consisting of a material interface separating two ideal gases with cL and cR, moving with

some positive velocity u > 0, with initial data

W 0
j ¼

q; qu; qvL; vL � 1ð Þp þ q
2
u2

� �
; j < 1;

q; qu; qvR; vR � 1ð Þp þ q
2
u2

� �
; jP 1:

(
ð56Þ

In this case, the numerical flux reduces to the upwind flux,

Fjþ1=2 ¼ F ðWjÞ; ð57Þ

and after one time step, we have

W 1
1 ¼ W 0

1 � m F ðW 0
1 Þ

�
� F ðW 0

0 Þ
�
: ð58Þ

Using some simple algebra we can obtain that after one time step

q1
1 ¼ q;

u11 ¼ u;

v11 ¼ muvL þ 1ð � muÞvR;

E1
1 ¼ muvLð þ 1ð � muÞvR � 1Þp þ 1

2
qu2:

ð59Þ

Substituting Eq. (59) into equation of state (55), with some rearrangements, we have

ðmuvL þ ð1� muÞvR � 1Þðp11 � pÞ ¼ 0: ð60Þ
From Eq. (60) we can see that, if 0 < mu < 1, the term ðmuvL þ ð1� muÞvR � 1Þ will absolutely be non-zero.
That implies that

p11 ¼ p: ð61Þ
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Eq. (61) is the only solution satisfied with Eq. (60). That means the computed p11 remains uniform across the

material fronts, as it should be.

Here we also give an analysis of the conventional conservative gamma model and thermodynamic model
on the pressure evolution for isolated contact discontinuities to support our conclusions obtained from a

general viewpoint of numerical uncertainty analysis.

For the thermodynamic model, we have an additional equation for the computation of mass fractions as

below

ðqY Þnþ1

j ¼ ðqY Þnj þ dðqY Þ; ð62Þ

where

dðqY Þ ¼ �mDðqYuÞ: ð63Þ

Considering a similar flow problem consisting of a material interface separating two ideal gases with cL and
cR, moving with some positive velocity u > 0, with initial data similar to Eq. (56)

W 0
j ¼

q; qu; 1
cL�1

p þ q
2
u2; q

� �
; j < 1;

q; qu; 1
cR�1

p þ q
2
u2; 0

� �
; jP 1:

8><
>: ð64Þ

Following the same lines for the TCFC model as above, we have

q1
1 ¼ q;

u11 ¼ u;

Y1ð Þ11 ¼ mu;

Y2ð Þ11 ¼ 1� mu;

E1
1 ¼

mu
cL � 1

�
þ 1� mu
cR � 1

�
p þ 1

2
qu2:

ð65Þ

Substituting the expression of E1
1 in Eq. (65) into the equation of state (55) (in terms of c) gives

p11
c11 � 1

¼ mu
cL � 1

�
þ 1� mu
cR � 1

�
p: ð66Þ

Substituting the expressions of ðY1Þ11 and ðY2Þ11 in Eq. (65) into Eq. (7), we obtain

1

c11 � 1
¼ muMR cR � 1ð Þ þ 1� muð ÞML cL � 1ð Þ

cR � 1ð Þ cL � 1ð Þ muMR þ 1� muð ÞMLð Þ

¼ mu
cL � 1

þ 1� mu
cR � 1

þ mu 1� muð Þ MR �MLð Þ cR � cLð Þ
cR � 1ð Þ cL � 1ð Þ muMR þ 1� muð ÞMLð Þ : ð67Þ

From Eqs. (66) and (67), we have

mu
cL � 1

�
þ 1� mu
cR � 1

�
p11 þ

mu 1� muð Þ MR �MLð Þ cR � cLð Þ
cR � 1ð Þ cL � 1ð Þ muMR þ 1� muð ÞMLð Þ

� �
p11 ¼

mu
cL � 1

�
þ 1� mu
cR � 1

�
p: ð68Þ

Eq. (68) can be rewritten as

p11 � p
p1

¼ � mu 1� muð Þ MR �MLð Þ cR � cLð Þ
muM þ 1� muð ÞMð Þ mu c � 1ð Þ þ 1� muð Þ c � 1ð Þð Þ : ð69Þ
1 R L R L
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If 0 < mu < 1, from the above equation it can be seen that the newly computed pressure p11 6¼ p, therefore a
pressure oscillation is generated. The oscillation rate has the value as that of the term at the right hand of

Eq. (69) and has a definite sign that is dependent on the differences of molecular weights and specific heats
ratios between fluids. It is also found that the pressure oscillation ratio is significantly decreasing with a very

small value (varying to 0 from 0.5) or a very large value (varying to 1 from 0.5) of mu, and is oðDMDcÞ but
not oðDcÞ2 as reported by Karni and Abgrall [3]. To more clearly show that, Eq. (69) can be rewritten in

terms of specific heats (at constant volume) instead of molecular weights as below

p11 � p
p11

¼ � mu 1� muð Þ CvL cL � 1ð Þ � CvR cR � 1ð Þð Þ cR � cLð Þ
muCvL cL � 1ð Þ þ 1� muð ÞCvR cR � 1ð Þð Þ mu cR � 1ð Þ þ 1� muð Þ cL � 1ð Þð Þ : ð70Þ

From the above equation, one can see that the pressure oscillation rate is not oðDcÞ2 but it is that only if

CvR ¼ CvL.

As for the conventional gamma model, the same approach as above is applied. We have an additional

equation for the direct computation of specific heats ratio for the mixture as

qcð Þnþ1

j ¼ qcð Þnj þ d qcð Þ; ð71Þ

where

d qcð Þ ¼ �mD qcuð Þ: ð72Þ

Considering the same flow problem as above, with the initial data

W 0
j ¼

q; qu; 1
cL�1

p þ q
2
u2; qcL

� �
; j < 1;

q; qu; 1
cR�1

p þ q
2
u2; qcR

� �
; jP 1:

8<
: ð73Þ

Following the same lines for the TCFC model and thermodynamic model as above, we have

q1
1 ¼ q;

u11 ¼ u;

c11 ¼ mucL þ 1ð � muÞcR;

E1
1 ¼

mu
cL � 1

�
þ 1� mu
cR � 1

�
p þ 1

2
qu2:

ð74Þ

Substituting the expression of E1
1 in Eq. (74) into the equation of state (55) (in terms of c), we obtain the

same formulation as that in Eq. (66). From the expression of c11 in Eq. (74), we have

1

c11 � 1
¼ 1

mucL þ 1� muð ÞcR � 1
¼ mu

cL � 1
þ 1� mu
cR � 1

� mu 1� muð Þ cR � cLð Þ2

cR � 1ð Þ cL � 1ð Þ mucL þ 1� muð ÞcR � 1ð Þ : ð75Þ

From Eqs. (66) and (75), one can obtain

mu
cL � 1

�
þ 1� mu
cR � 1

�
p11 �

mu 1� muð Þ cR � cLð Þ2

cR � 1ð Þ cL � 1ð Þ mucL þ 1� muð ÞcR � 1ð Þ

 !
p11

¼ mu
cL � 1

�
þ 1� mu
cR � 1

�
p: ð76Þ
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Eq. (76) can be rewritten as

p11 � p
p11

¼ mu 1� muð Þ cR � cLð Þ2

mucL þ 1� muð ÞcR � 1ð Þ mu cR � 1ð Þ þ 1� muð Þ cL � 1ð Þð Þ : ð77Þ

If 0 < mu < 1, from the above equation it can be seen that the newly computed pressure p11 6¼ p, therefore a
pressure oscillation is also generated in this case. The oscillation rate has the value as that of the term at the

right hand of Eq. (77) and has a definite sign (positive). Similarly, it is also found that the pressure os-
cillation ratio is significantly decreasing with a very small value (varying to 0 from 0.5) or a very large value

(varying to 1 from 0.5) of mu, and is oðDcÞ2 as reported by Karni and Abgrall [3] but for the mass fraction

model (thermodynamic model).

We have done the analysis of the proposed TCFC model and conventional conservative models on the

simple structure of isolated contact interfaces, it is shown that our model produces a uniform pressure field

across the material fronts and the pressure maintains in equilibrium near the contact interfaces. The results

also show that both two conventional conservative models do not maintain the pressure equilibrium across

contact interfaces and the pressure oscillation rate for gamma model is oðDcÞ2 and for thermodynamic
model is oðDMDcÞ which is different from that of oðDcÞ2 reported by Karni and Abgrall. They are the same

only if the specific heats of fluids (at constant volume) are equal. The pressure oscillation rates for both

models have a definite sign with a monotonous sign for the gamma model but maybe not for the ther-

modynamic (or mass fraction) model. From the analysis, it can be seen that the conclusions are consistent

with that obtained from a general viewpoint of numerical uncertainty analysis in the last section.

We have now three models that will be used for the simulation of several test problems in this paper. One

is the conventional ‘‘gamma’’ model with Eqs. (1)–(3) and (8). The set of governing Eqs. (1)–(3), (5),

combined with (6) or (7) is the conventional ‘‘thermodynamic’’ model. The set of governing Eqs. (1), (2) and
(16), combined with Eqs. (26) and (34) (or only Eq. (44)) is the proposed TCFC model with the direct

calculation of the c-value of the mixture for the best description of multicomponent or multifluid flows.
4. Numerical solution of the governing equations

As mentioned in the introduction, we use a Godunov method based upon a fast exact Riemann solver to

solve the system of governing equations in this paper, though any kind of numerical schemes applicable for
the solution of hyperbolic equations could be used.

4.1. Godunov method

Godunov [23,24] proposed a first-order accurate scheme for the solution of the governing Eqs. (1)–(3),

which can be written in conservative form in one dimension as

Unþ1
i ¼ Un

i þ
Dt
Dx

Fi�ð1=2Þ
	

� Fiþð1=2Þ



ð78Þ

with intercell numerical flux given by

Fiþð1=2Þ ¼ F Uiþð1=2Þ 0ð Þ
� �

ð79Þ
where Uiþð1=2Þð0Þ is the local Riemann solution at the cell interface position iþ ð1=2Þ of the conservation

laws (1)–(3) in one dimension with initial conditions given by

U x; 0ð Þ ¼ U0 xð Þ ¼ UR
i if x < 0;

UL
iþ1 if x > 0;

�
ð80Þ
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where

UR
i ¼ Un

i ; UL
iþ1 ¼ Un

iþ1: ð81Þ

This has first-order accuracy. To improve the accuracy of the scheme, the first-order Godunov method can

be extended to second, and even higher order by using the basic concepts of Van Leer [59] (see Toro [58] for

an overall description of different higher order schemes). This approach has become known as the MUSCL

technique. Here our main concern is the demonstration of the proposed model, so, for brevity, the second-

order scheme is adequate. We use the piecewise linear MUSCL approach for the data reconstruction to

achieve second-order accuracy. Then we have

UL
i ¼ Un

i �
1

2
Di; UR

i ¼ Un
i þ

1

2
Di; ð82Þ

where Di is the flux slope defined as

Di ¼
1

2
1ð þ xÞDUi�1

2
þ 1

2
1ð � xÞDUiþ1

2
; ð83Þ

and, as usual,

DUi�1
2
� Un

i �Un
i�1; DUiþ1

2
� Un

iþ1 �Un
i : ð84Þ

x is a free parameter in the real interval ½�1; 1�. For x ¼ 0, Di is a central-difference approximation,

multiplied by Dx, to the first spatial derivative of the numerical solution at time step n (that is what we use in
this paper). To suppress possible spurious oscillations, we use the so-called ‘‘minbee’’ slope limiter. The

details can be found in [58].

4.2. Pike’s exact Riemann solver

For a complete solution, the fluxes in the above Godunov scheme, at each intercell position, should be

determined using a Riemann solver. Although many kinds of exact or approximate Riemann solvers have

been developed, e.g. [9,14,19,21,24,25,38,42,45,47,51,55,57] since the pioneering work of Godunov [23],

Pike�s Riemann solver [42] seems to us to be the fastest to date. In Pike�s Riemann solver, the equations for

the Riemann problem for a perfect gas are rewritten in terms of three similarity parameters and a weak

dependence on the ratio of specific heats of the gases. First we define some dimensionless variables as

PL ¼ p�

pL
; PR ¼ p�

pR
; ð85Þ
UL ¼ uL � u�

cL
; UR ¼ u� � uR

cR
; ð86Þ

where PL; PR and UL;UR are the dimensionless pressures and velocities on the left and right sides of the

initial discontinuity, respectively. p; u are the real pressure and velocity and the subscripts L, R and the

superscript * stand for the left side, right side and star region, respectively. Here c denotes a modified sound

speed defined as

c ¼ a
c
; a ¼

ffiffiffiffiffi
cp
q

r
; ð87Þ
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where a is the real sound speed and c is the ratio of specific heats. The subscripts L, R are ignored in some of

the following equations for brevity. The relationships between the velocity, density, and pressure for the

constant regions between the waves can be rewritten in terms of the above dimensionless flow variables as

U P ; cð Þ ¼
P�1ð Þ 1þgð Þ1=2

Pþgð Þ1=2
; P P 1;

PG�1ð Þ
G ; P < 1;

8<
: ð88Þ

where g and G are functions of c given by

g ¼ c� 1

cþ 1
; G ¼ c� 1

2c
: ð89Þ

Further, if we define the density ratios as

RL ¼ q�
L

qL

; RR ¼ q�
R

qR

; ð90Þ

we have the density ratio in terms of the pressure ratio given by

R ¼ P þ gð Þ= 1þ Pgð Þ; P P 1;
P 1�2G; 06 P 6 1:

�
ð91Þ

Three main similarity parameters are introduced as

pr ¼
pR
pL

; ð92Þ
k ¼ cR
cL þ cR

; ð93Þ
du ¼ uL � uR
cL þ cR

; ð94Þ

and two subsidiary parameters cL and cR are also used. In terms of these parameters, the Riemann solution

requires P and U to satisfy

PL ¼ prPR; ð95Þ
du ¼ 1ð � kÞUL þ kUR; ð96Þ

where UðP ; cÞ is given by Eq. (88), or alternatively P ðU ; cÞ is given by the inverse form

P ¼
1þ U U=2 1þ gð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ U 2=4 1þ gð Þ2
h ir� 


; U P 0;

1þ GUð Þ1=G; �1=G6U 6 0;
0; U 6 � 1=G:

8>><
>>: ð97Þ

There are two simple approximate Riemann solvers developed for the estimation of the guessing values for

the exact iterative Riemann solver in [42]. They are the two-expansion approximation (TE) and the two-

shock approximation (TS) given by

PL ¼ pr þ 1� k 1� prð Þ½ �2

1þ pr
1ð þ du=4Þ4 ð98Þ
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for two-expansion waves and

PL ¼ cþ 2d d
�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cþ d2 þ gp

q �
; ð99Þ

where

c ¼ 1� kð Þ 1þ gLð Þ1=2 þ k 1þ gRð Þ1=2p1=2r

1� kð Þ 1þ gLð Þ1=2 þ k 1þ gRð Þ1=2=p1=2r

; ð100Þ
d ¼ du

2 1� kð Þ 1þ gLð Þ1=2 þ 2k 1þ gRð Þ1=2=p1=2r

; ð101Þ
gp ¼
gRpr; pr 6 1;
gL; pr > 1;

�
ð102Þ

for two shock waves. The combination of the above two approximations (called TETS) approximations can

be used for the estimation of guess values for the exact solution of the Riemann problem. A fast, exact

Riemann solver was developed [42] in which a second-order ‘‘look-up’’ method was implemented. An error

function for the iterative process is defined from (96) to be

E ¼ du� 1ð � kÞUL � kUR: ð103Þ

Expanding E in a Taylor series in terms of p� and after some rearrangements and simplifications, we obtain

a fast iterative procedure as below

P nþ1ð Þ
L ¼ P ðnÞ

L 1

�
� E
2PLE0

�2

; ð104Þ

where

E
PLE0 ¼

du� 1� kð ÞUL � kUR

� 1� kð Þ PU 0ð ÞL � k PU 0ð ÞR
ð105Þ

and

PU 0 ¼
P
2

1þg
Pþg

� �1=2
1þ 1þg

Pþg

� �
; P P 1;

PG ¼ 1þ GU ; P < 1;

8<
: ð106Þ

where U is calculated by Eq. (88) with a guess value or the previous value of P .
This concludes our brief review of first- and second-order accurate Godunov schemes and a fast, exact

Riemann solver. The combination of the Godunov scheme described above and Pike�s fast exact Riemann

solver provides an efficient solver for the solution of the hyperbolic system of conservation laws presented

in the previous section. The present solver is successfully applied to the simulation of multicomponent flows

with the proposed TCFC model and other conventional models. Several test examples will be presented in

the next section.
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5. Numerical experiments

Here we present some numerical results from four test cases to illustrate our proposed TCFC model and
the fast exact Riemann solver-based Godunov method, to compare the proposed model with existing

conventional conservation models, and to show that it can handle both strong and weak shocks. Also, we

want to check if the numerical solutions obtained with the proposed TCFC model and conventional

conservation models converge to the correct weak ones. For brevity, we use G model, T model, and H

model in all of the following plots to refer to the conventional gamma model, the conventional thermo-

dynamic model, the proposed TCFC model, respectively. In all of the following four test cases, the CFL

[17] number is taken to be 0.6.

Test A: We consider a shock tube initially filled with two different gases having different specific heat
ratios. A similar problem has been considered by Larrouturou [32], Abgrall [2], Karni [30], Cocchi and

Saurel [12]. But the data for the test problem we consider here is taken from [2] (in SI units) since it

shows a strong shock. Consider a shock tube with a length of 1.0 m, including two chambers, separated

by a fictitious diaphragm at 0.5 m from either end of the tube. Two initial constant states are defined

as

Test A:

x < 0:5; qL ¼ 14:54903; uL ¼ 0:0; pL ¼ 194:3� 105; cL ¼ 1:67; CvL ¼ 2420;
xP 0:5; qR ¼ 1:16355; uL ¼ 0:0; pR ¼ 1:0� 105; cR ¼ 1:4; CvR ¼ 732:

The results shown are obtained using the first- and second-order exact-Riemann-solver-based Godunov

scheme with the three different models. The mesh has 200 cells. Fig. 1(a)–(e) shows the density, pressure,

velocity, internal energy and the ratio of specific heats at time t ¼ 200 ls using the first-order method.

Fig. 1(f) shows an enlargement of the variation of the ratio of specific heats in the region across the

contact discontinuity. From the figures, one can see that there is a large spread in the density and internal

energy profiles due to the numerical diffusion of the method. A dip in the density and a smaller one in

the internal energy across the contact interface are clearly visible with the thermodynamic model. It can
also be seen that there is a large difference in the c-profile between the thermodynamic model, gamma

model and the proposed TCFC model. It seems that the overshoot of the c-value for the thermodynamic

model results in a large undershoot of the density and internal energy. To improve the accuracy of the

first-order method and avoid the effect of large numerical diffusion, a second-order method can be used.

Fig. 2(a)–(e) shows the results for the different models: significant improvement on the accuracy is

achieved. Very smooth distributions of pressure and velocity are obtained with all three models. In [2], a

visible, small undershoot of the velocity with the conventional conservation model, and a visible, small

overshoot in the velocity with the quasi-conservative model were obtained using Roe�s scheme. A large
dip in the density, in Fig. 2(a), and a very small dip in the internal energy, in Fig. 2(d), are visible with

the conventional thermodynamic model. A very small dip in the density with the conventional gamma

model is obtained that is almost invisible in Fig. 2(a). But with the proposed TCFC model, completely

oscillation-free results are obtained for the density, pressure, velocity and internal energy. The reason

why these models behave differently can be sought from the c-profile. From Fig. 2(f) one can see that the

c-value obtained with the conventional thermodynamic model is much larger than that obtained with the

conventional gamma model and the proposed TCFC model. For this test case, the c-value obtained with

the gamma model is very close to that for the proposed model: so, even though the model is flawed (as
shown in Sections 2 and 3) it still works, for this particular problem, with a fully conservative numerical

scheme. From this test problem, one can see that the conventional thermodynamic model shows a large

undershoot in the density, due to the inconsistent and inaccurate calculation of the c-value. The con-

ventional gamma model behaves much better, except for an almost invisible dip in the density, despite its



Fig. 1. Results for a shock tube with two different gases using the three models and a first-order scheme at time t ¼ 200 ls with 200

mesh cells: solid line is the exact solution; s, ‘‘gamma’’ model; r, ‘‘thermodynamic’’ model; d, ‘‘TCFC’’ model. (a) Density, (b)

pressure, (c) velocity, (d) internal energy, (e) ratio of specific heats, (f) zoom of specific heats ratio.
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Fig. 2. Results for a shock tube with two different gases using the three models and a second-order scheme at time t ¼ 200 ls with 200

mesh cells: solid line is the exact solution; s, ‘‘gamma’’ model; r, ‘‘thermodynamic’’ model; d, ‘‘TCFC’’ model. (a) Density, (b)

pressure, (c) velocity, (d) internal energy, (e) ratio of specific heats, (f) zoom of specific heats ratio.
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intrinsic flaw. The proposed TCFC model gives essentially oscillation-free results for all variables. It

should be pointed out that, using the present solver, an undershoot appeared only in the density, with the

conventional models while an undershoot was also obtained in the velocity, for the same problem, with
Roe�s scheme [2]. That means that some numerical schemes could have an amplifying effect of the error if

the model is flawed.

Test B: The second test problem we present is Karni and Quirk�s test case (cited in [2]). Abgrall [2]

showed a simulation based on a quasi-conservative approach and a conventional conservation model. It

consists of a shock tube filled with air, where a shock wave moves to the right. In the pre-shock state, a slab

of helium is located between x ¼ 0:4 m and x ¼ 0:6 m. The shock wave is initially located at x ¼ 0:25 m. The

initial conditions and properties are given as

Test B:

0:06 x6 0:25; q ¼ 1:3765; u ¼ 0:3948; p ¼ 1:57; c ¼ 1:40 Cv ¼ 0:72;
0:256 x < 0:4;
0:66 x6 1:0;

q ¼ 1:0000; u ¼ 0:0000; p ¼ 1:00; c ¼ 1:40; Cv ¼ 0:72;
0:46 x < 0:60; q ¼ 0:1380; u ¼ 0:0000; p ¼ 1:00; c ¼ 1:67; Cv ¼ 2:42;

where the density, velocity and pressure are measured in CGS units as indicated in [2]. The results are

obtained using a second-order Godunov method with the three different models. The grid has 400 cells.

Fig. 3(a)–(e) shows the density, pressure, velocity, internal energy and the ratio of specific heats, respec-

tively, at time t ¼ 0:3 s. From these plots, one can see that the three different models have almost the same

behavior, except for the conventional ‘‘thermodynamic’’ model that gives a small overshoot in the pressure

and internal energy in the slab region. No spurious oscillations can be seen in the plots of all variables for

all three models, with the present fast, exact Riemann solver-based Godunov method. Fig. 3(f) shows a

detail of the change in c near the interfaces for the different models. One can see that the ratio of specific
heats has very close values for all the models, except for the thermodynamic model: for this model, a small

overshoot in the value of c results in a small overshoot in the pressure and the internal energy. But, unlike

for Test A, in this case most of the spread due to numerical diffusion only occurs on one side of the contact

interface. No spurious oscillations of flow variables were obtained across the contact interfaces. Abgrall [2]

showed spurious oscillations of the pressure distribution using Roe�s scheme with a conventional conser-

vation model (we are not sure which one was used but we guess that it was either the thermodynamic or the

gamma model). The comparison of the present results with those in [2] gives us confidence that the spurious

oscillations of the pressure distribution obtained in [2] are related to the selected numerical scheme but not
to the selected model.

Test C: The third test problem is one we formulated to produce a weak post-shock contact discontinuity

by hitting a material interface with a strong shock wave. Consider a shock tube that consists of a stationary

interface at x ¼ 0:5 m separating argon and nitrogen, and a right-traveling shock wave (Ms ¼ 3:352) ini-
tially located at x ¼ 0:25 m. The initial conditions and properties are defined as

Test C:

06 x < 0:25; q ¼ 5:1097; u ¼ 738:6; p ¼ 1398737; c ¼ 1:67; Cv ¼ 208:1;
0:256 x < 0:5; q ¼ 1:62286; u ¼ 0:000; p ¼ 101325; c ¼ 1:67; Cv ¼ 208:1;
0:56 x6 1:0; q ¼ 1:13802; u ¼ 0:000; p ¼ 101325; c ¼ 1:401; Cv ¼ 296:8;

where the density, velocity and pressure are measured in SI units. We use 400 cells to solve this prob-

lem. The distributions of density, pressure, velocity, and internal energy are obtained using the



Fig. 3. Results for a right-travelling shock wave hitting a helium slab in an air-filled shock tube using the three models and a second-

order scheme at time t ¼ 0:3 ls with 400 mesh cells:s, ‘‘gamma’’ model;r, ‘‘thermodynamic’’ model;d, ‘‘TCFC’’ model. (a) Density,

(b) pressure, (c) velocity, (d) internal energy, (e) ratio of specific heats, (f) zoom of specific heats ratio.
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Fig. 4. Results for a strong right-travelling shock wave hitting an argon-nitrogen interface in a shock tube using the three models and a

second-order scheme at time t ¼ 600 ls with 400 mesh cells: solid line is the exact solution; s, ‘‘gamma’’ model; r, ‘‘thermodynamic’’

model; d, ‘‘TCFC’’ model. (a) Density, (b) pressure, (c) velocity, (d) internal energy, (e) zoom of specific heats ratio, (f) zoom of

density distribution.
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second-order-accurate Godunov method with the three different conservation models. Fig. 4(a)–(d) shows

the results at time t ¼ 600 ls. From these plots, one can see that very smooth results are obtained for

pressure, velocity and internal energy for all three conservation models. A completely oscillation-free
distribution of density across the interface is obtained with the proposed TCFC model, but a large bump

and a large dip in the density, on the left and right side of the interface, respectively, can be seen for the

other two models. Fig. 4(f) shows a detail of the density distribution near the interface computed with the

different models. It can be clearly seen that the conventional gamma model gives a large dip in the density in

the interface region. The conventional thermodynamic model produces a large bump on the left side of the

interface and a large dip on the right side. However, the proposed TCFC model gives a very smooth

snapshot of the density distribution. Spurious oscillations are completely eliminated with the TCFC model

and the comparison between the obtained numerical results and the corresponding exact solutions looks
excellent, at such small scale. Fig. 4(e) gives a detail of the c-distribution near the interface: one can see that

the conventional gamma model produces a larger c that results in a large undershoot in the density. The c-
value obtained by the conventional thermodynamic model is very close with slightly higher value, compared

with the proposed TCFC model. Even though the difference in the c values with different models is not very

large, it still produces a large difference in the density profiles. The plot in Fig. 4(e) looks similar to those in

Fig. 2(e)–(f) from Test A: a spread in the c-distribution due to numerical diffusion occurs across the in-

terface. The conventional conservation models fail for this kind of problems with strong shocks. But Test C

is more instructive than Test A because the conventional gamma model also produced a large error in
density profile.

Test D. Finally, we consider a shock-contact surface interaction problem that has been studied by

Abgrall [2], Karni [30] and Shyue [52] for verifying convergence of the numerical solutions to the correct

weak ones. The problem we consider here consists of a stationary interface, initially at x ¼ 0:5 separating

two different gases. The initial two constant states are defined as [2]

Test D:

0:06 x < 0:5; q ¼ 1:0; u ¼ 0:00; p ¼ 10:0; c ¼ 1:6;

0:56 x6 1:0; q ¼ 2:0; u ¼ �1:0; p ¼ 0:10; c ¼ 1:4:

Since this problem is just studied numerically, we assume that the two specific heats Cv1;Cv2 have the same

value and no units are specified for the variables (not given in [2]). The problem is solved using the present
second-order-accurate Godunov method, with the three conservation models and 200 mesh points.

Fig. 5(a)–(e) shows the distributions of density, pressure, velocity, internal energy and the ratio of specific

heats at time t ¼ 0:3: no spurious oscillations can be seen in any of the profiles, for all of three conser-

vation models. Furthermore, Fig. 5(f), a detail of the c-profiles near the interface, shows that the c-values
obtained by the three different models are very close, with a slightly higher value for the conventional

conservation models. The spread of the c-profiles due to numerical diffusion occurs on only one side of the

interface, similarly to the results of Test B. Again, for this kind of problem, one can obtain good results

even with the conventional conservation models. Fig. 6(a) shows a density profile obtained by the pro-
posed TCFC model with different mesh points and a corresponding detail is shown in Fig. 6(b). From

these plots, we can see that the computed solutions with the present TCFC model have excellent con-

vergence to the correct weak ones. The same conclusion could actually be reached for the other three

conservation models; for brevity, the results are not shown here for the convergence test. We show the

results of Test D with all three conservation models to stress that this test case is not sufficient to be used

for model validation. Although the conventional conservation models are incorrect, they still give excellent

results, having good agreement with the analytical solutions since the value of c does not change within an

expansion fan or across a shock.



Fig. 5. Results for a shock-contact surface interaction in a shock tube using the three models and a second-order scheme at time

t ¼ 0:3 ls with 200 mesh cells: solid line is the exact solution;s, ‘‘gamma’’ model;r, ‘‘thermodynamic’’ model;d, ‘‘TCFC’’ model. (a)

Density, (b) pressure, (c) velocity, (d) internal energy, (e) ratio of specific heats, (f) zoom of specific heats ratio.
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Fig. 6. Results for the convergence study of a shock-contact surface interaction in a shock tube using the TCFC model and a second-

order scheme at time t ¼ 0:3 ls with different mesh cells: solid line is the exact solution with 200 mesh cells; s, 200 mesh cells; r, 800

mesh cells; �, 2000 mesh cellzs; d, 5000 mesh cells. (a) Density distribution, (b) zoom of density distribution.
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6. Conclusions

We have presented a new, fully conservative treatment of contact discontinuities based upon the theory
of numerical uncertainties and the concept of the total energy conservation of the mixture for compressible,

multicomponent flows. The proposed TCFC models provide the best description of multicomponent or

multifluid flows, and have been successfully implemented with a fast, exact Riemann solver-based Godunov

method. The models have been successfully tested with the numerical experiments presented in this paper:

they show that the proposed TCFC models are able to handle both strong and weak shocks. Essentially

oscillation-free results are obtained for all variables in all test cases. The proposed TCFC models belong to

the conservative approaches and independent of numerical schemes, they are compatible with existing non-

conservative and quasi-conservative approaches in the simulation of compressible multicomponent flows
associated with shock waves and contact discontinuities.

The analysis of the numerical uncertainties indicates that conventional conservation models, like the

gamma and thermodynamic models, use an incorrect procedure for the calculation of the mixture�s ratio of

specific heats. This is why they produce unphysical results in the simulation of compressible multicom-

ponent flows with strong shocks, especially in the cases with both weak post-shock contact discontinuities

and strong shock waves. The conservative or non-conservative form of the governing equations is not the

ultimate reason that produces oscillating solutions near material interfaces.

The analysis of the proposed TCFC model and conventional conservative models on the pressure
evolution for a mixture associated with isolated contact interfaces gives consistent conclusions with that

obtained from a general viewpoint of numerical uncertainty analysis. It is shown that the proposed TCFC

model produces a uniform pressure field across the material fronts and the pressure maintains in equilib-

rium near the contact interfaces. The results also show that both two conventional conservative models do

not maintain the pressure equilibrium across contact interfaces and the pressure oscillation rate for gamma

model is oðDcÞ2 and for thermodynamic model is oðDMDcÞ which is different from that of oðDcÞ2 reported
by Karni and Abgrall. They are the same only if the specific heats of fluids (at constant volume) are equal.

The pressure oscillation rates for both models have a definite sign with a monotonous sign for the gamma
model but maybe not for the thermodynamic (or mass fraction) model.

But numerical experiments also indicated that the conventional gamma model is still applicable to

problems with weak shocks and problems with both strong shocks and strong post-shock contact



S.-P. Wang et al. / Journal of Computational Physics 195 (2004) 528–559 557
discontinuities. The conventional thermodynamic model is also applicable to the problems with weak

shocks. The last two conclusions seem to conflict with the results obtained using Roe�s scheme with one of

the conventional models [2]. These latter suggest that the unphysical results obtained with an incorrect
model might also be related to the selected numerical scheme.

From the present numerical results, one can also see that the problems with weak shocks and strong

post-shock contact discontinuities are not suitable for the validation of the models for multicomponent

flows. The capability of handling strong shocks and weak post-shock contact discontinuities seems more

critical to the demonstration of any model for compressible multicomponent or multifluid flows.

It is noteworthy to note that in most cases the oscillations observed are in the profiles of density and

velocity as well as energy (some time) but not pressure which seems a conflict with the theoretical analysis in

the literature, so whether the pressure equilibrium is a main argument or not, or how does the pressure
evolution play a role in the simulation of this problem needs to be further investigated.

The extensions to the simulation of multidimensional problems and flows of compressible dissimilar

liquids and gas-liquid mixture have been undertaken. Some results have been announced in [64,65] and the

details will be reported in forthcoming papers.
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